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Abstract. We discuss the ideal-adic semi-continuity problem for minimal log 
discrepancies by Mustaja. We study the purely log terminal case, and prove the 
semi-continuity of minimal log discrepancies when a Kawamata log terminal 
triple deforms in the ideal-adic topology. 



Introduction 

In the minimal model program, singularities are measured in terms of log dis- 
crepancies. The log discrepancy is attached to each divisor on an extraction of 
the singularity, and their infimum is called the minimal log discrepancy. Recently, 
de Fernex, Bin and Mustaja in [3] after KoUar in [12] proved the ideal-adic semi- 
continuity of log canonicity effectively to obtain Shokurov's ACC conjecture ifTSll 
for log canonical thresholds on l.c.i. varieties. This paper discusses its generalisa- 
tion to minimal log discrepancies, proposed by Mustafa. 

Conjecture (Mustafa). Let {X ,A) be a pair, Z a closed subset ofX and J'z its ideal 
sheaf. Let o be an ideal sheaf and r a positive real number. Then there exists an 
integer I such that: if an ideal sheaf h satisfies a + = + =^Z' ^^^^ 

mldz(X,A,a'') = mldz(X,A,b'). 

The mid above denotes the minimal log discrepancy. Mustaja observed that the 
conjecture on formal schemes implies the ACC for minimal log discrepancies on a 
fixed germ by the argument of generic limits of ideals. 

The conjecture is not difficult to prove in the Kawamata log terminal case, stated 
in Theorem 11.61 It is however inevitable to deal with log canonical singularities in 
the study of limits. As its first extension, we treat a purely log terminal triple 
(X,F + A, a*") with a Cartier divisor F and control the minimal log discrepancy 
of (X,G + A, b'') for G, b close to F,a. Our main theorem compares minimal log 
discrepancies on F, G rather than those on X. We adopt the weaker condition a ss/ b 
defined by a" + J^^' = + some n to reflect the distance of a, b with 

allowance of real exponents. 

Theorem (full form in Theorem 1 1.9K (X, A), Z, a and r as in Conjecture. Let F 
be a reduced Cartier divisor such that {X,F + A,a'^) is pit about Z. Then there 
exists an integer I such that: if an effective Cartier divisor G and an ideal sheaf 
b satisfy &x{—F) ~/ ffx{—G) and a ~/ b, then G is reduced about Z and with its 
normalisation V : G^ ^ G, 

mldf nz {F, AF,a'-ffF)= mld^- , (^nz) {G^ M^y&c^). 

The theorem can be regarded as an extension to the case when a variety as well 
as a boundary deforms, so it would provide a perspective in the study of the be- 
haviour of minimal log discrepancies under deformations. It should be related to 
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Shokurov's reduction ||19 ] of the termination of flips. One can recover the equahty 
mldz(^,^' + A, o'') = mldz(X,G + A, b'') if the precise inversion of adjunction in 
lfT3l holds on X such as l.c.i. varieties in |[6l, Q. 

We prove the theorem by using motivic integration by Kontsevich in |15] and 
Denef and Loeser in [5|. Take a divisor E on an extraction of X whose restriction 
computes the minimal log discrepancy on G. By the pit assumption, the order of 
(the inverse image of) the Jacobian of G along E should be small in contrast 
to those of F, G, then it coincides with that of the Jacobian of F. This provides 
further the equality of the orders of the ideal sheaves ^r,F, ^r,G^ and we derive the 
theorem by the descriptions of minimal log discrepancies involving ^r,F i ^r,G by 
Ein, Mustafa and Yasuda in f7|. 

We work over an algebraically closed field k of characteristic zero throughout. 
Z>o, Z>o, M>o, M>o denote the sets of positive/non-negative, integers/real numbers. 

1. J^-ADIC SEMI-CONTINUITY PROBLEM 

In this section we discuss general aspects of Mustafa's ,y-adic semi-continuity 
problem for minimal log discrepancies. 

For the study of limits, we formulate the notion of R-ideal sheaves by extending 
that of Q-ideal sheaves in [ 10, Section 2]. On a scheme X we let IHx denote the free 
semi-group generated by the family 3x of all ideal sheaves on X, with coefficients 
in the semi-group M>o. An element of is written multiplicatively as Oj' • • • o^* 
with a,- G 3x,ri G M>o. We say that a, b G ^Rx are adhered if they are written as 
a = Ilij • ^1 • O''' , b = n,-^ ■ G\ ■ 0^' in 9\x with a,y, bit e 3x, r^a, a',b, b' e 
M>o, mij,nik E Z>o, such that equals b"^^* as ideal sheaves for each /, or 

a' ,b' > 0. We say that o, b G are equivalent if there exist Cq, . . . , c,- G dKx with 
Co = a, c; = b such that each cy_i is adhered to c^. 

Definition 1.1. An M.-ideal sheaf on X is an equivalence class of the above relation 
in^Hx- 

We let 3^ denote the family of M-ideal sheaves on X. By an expression of a G 
we mean an element a^' • • • G with a,- G Ix , ri G M>o in the class of o. 

Remark 1.1.1. While some literatures define an M-ideal sheaf as an element of fHx> 
we adopt that of from the viewpoint that for a, b G one should identify for 
example the product of a^+^ b and that of a^, ob, which remain different in d\x- 

Remark 1.1.2. Two ideal sheaves on a normal variety X have the same order along 
every divisor if they have the same integral closure. We have an equivalence re- 
lation in 3x by this. However we will not formulate in this direction, because the 
relation does not seem to be compatible with the notion of =^-adic topology. 

One can extend the notions of orders and resolutions to M-ideal sheaves. 

Lemma-Definition 1.2. Let fi ■■■ f[\ 1' • • • flf be two expressions of the same M- 
ideal sheaf a on a normal variety X. Suppose f,- = ^x{—Fi) with a Cartier divisor 
Fi. Then gj = 0'x{—Gj) with some Cartier divisor Gj, and Y^i^i^i — Hj^j^j- Such 
a is called a locally principal R-ideal sheaf. In particular, the notion of resolutions 
of R-ideal sheaves makes sense. 

Proof. It suffices to prove that if the product ai a2 of ideal sheaves ai , 02 is locally 
principal, then so are 01,02 also. Set 01O2 = i^x{—F) = f^x locally. Then F is 
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decomposed into Weil divisors ^1,^2 as = F\ +F2 such that o,- C &x{—Pi)- On 
the other hand, one can write / = fijfij and fijfij = cjf with fij G a,-, cj G ^x- 
Thus 1 = T^jCj, so there exists j such that cj is a unit, that is fijfij^x = ^x{—F). 
If we set fij^x =■ ^x{-Fl), then F,- < F/ and F = Fi + F2 = Fl+F^, so o; C 
^x{-Fi) = ^x{-F,') C a,- which means o; = fij^x- q-e.d. 

We introduce the notion of J^-adic topology for M-ideal sheaves. 

Definition 1.3. Fix a closed subscheme Z of a scheme X and let J^z denote its ideal 
sheaf. 

(i) For a,b eJx and / G Z>o, we write a =/ b if 

(ii) For a,b g3x and / G M, we write a ss/ b if there exist m G Z>o,« G Z>o 
such that 

a"=,„b", m/?i>/. 

(iii) For 0, b G and / G M, we write ~/ b if there exist expressions a = 
Oj' • • • a^* , b = bj' • • • b^* such that for each / 

Remark 1.3.1. One may replace the condition o,- ^1/^ b,- in (Iml ) above with a, =/; b,-. 

The following basic fact will be used repeatedly. 

Remark 1.3.2. If a ^1 b and Zord^ J^z > ord^ along a divisor E on an extrac- 
tion, then ordf = ord^ b. This follows from the inequality ord^ a, < r^^ ord^ a < 
rr^/ords J^z < ordf J^'^ in the context a, + = bi + J^z of Remark fTjTTl 

We recall the theory of singularities in the minimal model program. A pair 
(X,A) consists of a normal variety X and a boundary A, that is an effective M- 
divisor such that + A is an R-Cartier M-divisor. We treat a fn/j/e (X,A, a) by 
attaching an M-ideal sheaf a. For a prime divisor E on an extraction <p : X' — >• X, 
that is proper and birational, its log discrepancy is 

ai7(X,A,o) := l+ord£(/«:x'-(p*(i<:x+A))-ord£a. 

The image <p(£') is called its centre on X. (X, A, 0) is said to be log canonical (Ic), 
purely log terminal (pit), Kawamata log terminal (kit) respectively if a£:(X, A, a) > 
(iE), > (Vexceptional E), > (iE). For a closed subset Z of X, the minimal 
log discrepancy 

mldz(X,A,o) 

over Z is the infimum of ^^(X, A, a) for all E with centre in Z. The log canonicity 
of (X, A, a) about Z is equivalent to mldz(X, A, a) > 0. See |[TT1 Section 1], 1 14] for 
details. 

De Fernex, Ein and Mustafa in [3] after KoUar in fT2l proved the ^-adic semi- 
continuity of log canonicity effectively to obtain with [4J the ACC for log canonical 
thresholds on l.c.i. varieties. We state its direct extension to the case with bound- 
aries here. 
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Theorem 1.4 (||3] Theorem 1.4]). Let (X, A) be a pair and Z a closed subset ofX. 
Let a be an M-ideal sheaf such that 

mldz(X,A,a) = 0. 

Then there exists a real number I such that, if an M-ideal sheaf b satisfies a b, 
then 

mldz(X,A,b) = 0. 

Remark 1.4.1. The / is given effectively in terms of a divisor E with centre in Z 
such that a£-(X,A, a) = 0. One may take an arbitrary / such that Zord^ J^z > ord^ a 
by Remark [021 

We will consider its generalisation to minimal log discrepancies, proposed by 
Mustafa. 

Conjecture 1.5 (Mustafa). Let (X,A) be a pair and Z a closed subset ofX. Let 
a be an M-ideal sheaf. Then there exists a real number I such that: if an M-ideal 
sheaf b satisfies a~/ b, then 

mldz(X,A,a) = mldz(X,A,b). 

This conjecture is related to Shokurov's ACC conjecture fT6l, fTS^, Conjec- 
ture 4.2] for minimal log discrepancies. In fact, Conjecture 11.51 has originated 
in Mustafa's following observation parallel to IJI by generic limits of ideals. 

Remark 1.5.1 (Mustafa). If Coniecture \ 1 . 5 \ holds on formal schemes, then for a fixed 
pair {X , A), a closed point x and a set R of positive real numbers which satisfies 
the descending chain condition, the set 

{mld;,(Z,A, aj' • • • a^*) | a; G 3x,ri G R} 

satisfies the ascending chain condition. 

Indeed, we shall prove the stability of an arbitrary non-decreasing sequence of 
elements c,- = m\dx{X,A, a[|' • • • a^'^' ) > 0. We may assume that o,j are non-trivial 
at X, then for a fixed divisor F with centre x we have Y^jrij < Y^jrijordf atj < 
aF{X,A). R has its minimum r say, whence ki < r^^a^ (X,A). Thus by replacing 
with a subsequence, we may assume the constancy k = ki. Further we may assume 
that rij form a non-decreasing sequence for each j. Then have a limit rj by 
nj <af{X,A). 

Take generic limits a^- of atj following ||3] Section 4], |[T2l. After extending the 
ground field k, we have aj on the completion {X,A) of {X,A) at x. Conjecture 11.51 
on {X,A) provides an integer io and a divisor £" on X with centre x such that for 
i > io, ord^ aj = ord^ aij and 

c := mldi(l, A, o'l' • • • a^^^) = a^iX,A, a[' ■ ■ ■ 

= aE{X,A, <1 • • • <*) = mld,(X,A, <j • • • < a, 

with X := xxxX, E := E XxX. Hence 

c <Ci <aE{X,A, a|]' • • • a|],' ) = c + [rj - rtj) ord^ a^- , 

j 

and its right-hand side converges to c. Thus c,- = c for / > /q. 

We expect an effective form of Conjecture 11.51 but the naive generalisation of 
Remark fl .4 . 1 1 never holds. 
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Remark-Example 1.5.2. Set X = with coordinates x,y and o = {x^ +y^)^x, 
b =x^ffx- The pair (X, a^/^) has minimal log discrepancy 2/3 = aE{X, o^/^) over 
the origin o, computed by the divisor E obtained by the blow-up at o. We have 
+ J^g = b + and ordg a = 2 < 3, but (X, \p-l^) is not log canonical. 

We provide a few reductions of the conjecture. 

Remark 1.5.3. One inequality mldz(X,A,a) > mldz(X,A, b) is obvious. For, take 
a divisor E with centre in Z such that a£(X,A,a) = mldz(X,A,a), or negative in 
the non-lc case, and / such that /ord^ J^z > ord^ a by Remark fl. 3. 2 1 

Remark 1.5.4. Conjecture 1 1.5 1 is reduced to the case when X has Q-factorial ter- 
minal singularities, A is zero and Z is irreducible. Indeed, by El one can con- 
struct an extraction (p: X' ^ X such that X' has Q-factorial terminal singulari- 
ties with effective A' defined by Kx' + /Sl = (p*{Kx+A). Then mldz(X,A,a) = 
mld^-i(z) (X', A', a^x')' th^ conjecture is reduced to that on X' . Further, we may 
assume A = by forcing a to absorb A. It is obviously permissible to assume the 
irreducibility of Z. 

Remark 1.5.5. Mostly, we need just a weaker form of Conjecture 1 1.5 1 in which an 
expression a'j' • • • of a is fixed and only those b = b'^'^"' • • • b^*^"* with a"' =i. 
bi, U > Ini/ri are considered. This is reduced to the case when a,-,b; are locally 
principal W-ideal sheaves. Indeed, after replacing a^' with the 5-uple of a^'^'' for 
some s, we may assume that mldz(X,A,a) equals mldz(X,A, f) locally for some 
f = UiiMxY- with /,• e 0,-. By af =i, bi one can write = gt + hi with g,- G 
bi, hi £ J^l, so fl'Gx =/, gi^x- For g = Uiigi^xY'^"' the weaker conjecture for 
locally principal M-ideal sheaves provides 

mldz(X,A,a) =mldz(X,A,f) =mldz(X,A,0) <mldz(X,A,b), 

and we have the equality by Remark ri.5.31 

In the kit case, it is not difficult to prove our conjecture. 

Theorem 1.6. Coniecture \\.5\ holds for a kit triple (X, A, o). 

Proof. It suffices to prove mldz(X,A,a) < mldz(X,A, b) by Remark [1.5.31 As 
(X,A, o) is kit, we can fix > such that m\dz{X,A,a^+' J^^) = 0. Then by 
Theorem 11.41 there exists 

/>rimldz(X,A,a) 

such that a~/ b implies mldz(X, A, b^^',J^^) = 0. Thus every divisor E with centre 
in Z satisfies 

A, b) > fordg b. 

Suppose aE{X,A, a) 7^ ^^(X, A, b), equivalently ord^ a / ord^ b. Then by Remark 

MM 

ordg b > /ordg J^z > I- 

The above three inequalities give aE{X,A,b) > mldz(X,A, a), which completes the 
theorem. q.e.d. 

Even if we start with kit singularities, it is inevitable to deal with log canonical 
singularities in the study of Umits of them. 
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Example 1.7. SetX = with coordinates x,y and o„ = x{x+y")&x- The limit of 
these a„ is aoo=x^&x, so that of kit pairs {X,aJ'^) is a pit pair {X,!^"^) = {X,xi^x)- 

It is standard to reduce to lower dimensions by the restriction of pairs to sub- 
varieties. For a pair {X,G + A) such that G is a reduced divisor which has no 
component in the support of effective A, one can construct the different A^v on its 
normalisation v : — )^ G as in 1.13, Chapter 16], [17, §3]. It is a boundary which 
satisfies the equality Kq^ + Ag^ = V* ( {Kx + G + A) | g) ■ 

As the first extension of Theorem 1 1.6[ we study the pit case in which the bound- 
ary involves a Cartier divisor F. Let F be a Cartier divisor on a triple (X, A, a) such 
that {X,F + A,a) is pit. Then F is normal by the connectedness lemma |fT3l 17.4 
Theorem], ifTTl 5.7], and the induced triple {F,Af,a(fff ) is kit. In this setting, we 
control mldz(X, G + A, b) for G, b close to F, a. We adopt the notation 

F ~/ G 

for the condition ffx{-F) ~/ ^x(-G), and (F, a) ~/ (G, b) for F ~, G, a ~/ b. We 
compare minimal log discrepancies on F,G rather than those on X, so G should be 
a divisor of the following type. 

Definition 1.8. A transversal divisor on a triple (X, A, b) is a reduced Cartier divi- 
sor which has no component in the support of A or the zero locus of b. 

For example, an effective Cartier divisor G is transversal if (X,G + A, b) is log 
canonical. 

We state our theorem in the pit case, which will be proved in Section |2] 

Theorem 1.9. Let {X,A) be a pair and Z a closed subset ofX. Let F be a reduced 
Cartier divisor and a an M-ideal sheaf such that (X,F + A, o) is pit about Z. Then 
there exists a real number I such that, if an effective Cartier divisor G and an 
^-ideal sheaf b satisfy (F, a) ~/ (G, b), then G is transversal on (X, A, b) about Z 
and 

mldf nz {F, A^ , a^f ) = mid v- 1 (onz) (G\ Aqv , b ) • 
Theorem 11.91 compares minimal log discrepancies on different varieties, so it 
would provide a perspective in the study of their behaviour under deformations. 
One can interpret it as an extension of Theorem 11.61 to the case when a variety as 
well as a boundary deforms. Theorem 11.91 is also joined with Conjecture 11.51 via 
the precise inversion of adjunction in fl3[ Chapter 17]. 

Conjecture 1.10 (precise inversion of adjunction). Let (X,G + A) be a pair such 
that G is a reduced divisor which has no component in the support of effective A, 
and Z a closed subset of G. Let Aqv be the different on the normalisation v : G^ — )• 
G. Then 

mldz (X , G + A) = mld^- , (G, Agv ) . 

The equality of minimal log discrepancies on X follows if the precise inversion 
of adjunction holds on X, such as l.c.i. varieties in [SI, |[7|. 

Corollary 1.11. (X,A,a), Z and F as in Theorem \\.9\ Suppose that the precise 
inversion of adjunction holds on X. Then there exists a real number I such that: if 
effective Cartier divisors Gj and an M-ideal sheaf b satisfy F ~/ G,, a ~/ b, then 
for G = Y^igiGi with 1 = Y.igi, gi e K>o. 

mldz(X,F + A,a) =mldz(X,G + A,b). 
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Proof. We want mldz(X,F + A,o) < mldz(X,G + A,b) by Remark [T331 Since 
mldz (Z , G + A, b ) > I,- mldz (X , G,- + A, b ) by isTx + G + A = I,- (/^^ + G,- + A) , 
it is reduced to the case with a Cartier divisor G. We may assume Z C F,G by 
Theorem 1 1.61 and the argument after Lemma l2!2l Then the statement follows from 
Theorem II .91 Note that the precise inversion of adjunction for triples is reduced to 
that for pairs. q.e.d. 

We close this section by one observation related to Conjecture 11.51 

Proposition 1.12. Let {X,A) be a pair and Z a closed subset ofX. Let a be an M- 
ideal sheaf. Then there exist real numbers I and < f < 1 such that, if an R-ideal 
sheaf b satisfies a ~/ b, then 

mldz(X,A,a) = mldz(X,A,o^"'bO. 

Proof. It suffices to prove mldz(X,A,o) < mldz(X, A, a^^'b') by Remark [1.5.31 
We may assume the log canonicity of (X, A, a). Fix a log resolution (p : X' ^ X of 
{X,A,aJ^z) and set Kx' + A' := (p*{Kx + A). Let A denote the effective M-divisor 
on X' defined by the locally principal M-ideal sheaf a^x' ^ and S the reduced divisor 
whose support is the union of the exceptional locus, SuppA' and SuppA. We take 
< f < 1 such that tA < S. By Theorem 1 1.41 we have / such that a ~/ b implies the 
log canonicity of {X',S — tA, b'^x')- In particular, for a divisor E on an extraction 
Y'.Y^X' with ((poi/A)(£') CZ, 

aE{X ,A,a^-'b') = asiX' ,{\ - t)A,b' ffx') - ordE A' 

= aEiX',S-tA,b'ffx')+ordEiS-A-A') 
>OTdE{S-A-A'). 

S-A-A' = Kx + S-{(p*{Kx + A) + A) > 0, and by a divisor F with y(E) CF C 

ord£(5-A-A') >ord/r(5-A-A') = af(X,A,a). 
These two inequalities prove the proposition. q.e.d. 

2. Purely log terminal case 

The purpose of this section is to prove Theorem 1 1.9[ see Lemmata I2.4l and [2!9l 
As (X, A) is kit, by (2) there exists a Q-factorisation (p: X' ^ X which is iso- 
morphic in codimension one. Then as in Remark [l.5.4l we can reduce the theorem 
to that on X', and hence we may assume that X is Q-factorial and A = 0. We shall 
discuss on the germ at a closed point ofX. 

We set the ideal sheaves in the context of motivic integration. Let d denote the 
dimension of X. We fix a positive integer r such that rKx is a Cartier divisor. We 
extend the construction in lITOl Section 2] to transversal divisors. A general l.c.i. 
subscheme Y of dimension of a smooth ambient space A which contains X is the 
union 

(1) F=XUC^ 

of X and another variety C^. The subscheme := C^\x of X is defined by 
the conductor ideal sheaf "^x/y •= =^om^j,(^x5 ^r)» and is a divisor such that 
ffx{rKx) = &x[-rD^)oi^''- The summation &x := Lf'^x/f over all general Y is 
called the l.c.i. defect ideal sheaf of X, which one can define for reduced schemes 



g 



MASAYUKI KAWAKITA 



of pure dimension. We treat the summation '■= Lr ^x{—rD^) also. For a re- 
duced Cartier divisor G, the above Y =XUC^ has a Cartier divisor Yq = GUC^\yq- 
Thus G has its l.c.i. defect ideal sheaf 

(2) ^^ = ^^^G, 

and we have ffx{r{Kx + G))^g = ^x{-rD^)^G ■ c^^- 

Let be the Jacobian ideal sheaf of G, and ^r,G the image of the natural 
map {Q.'lf^)®'' ® 0'x{-r{Kx + G)) Gq- Let jQ.,Jr,G be the inverse images 
of them by the natural map &x — ^ ^g- The argument in 1 10 | provides the equality 
Jyo^g = /r,G ■ %.x ^G similar to ^ (2.4)] with the Jacobian of Yq. Its 
left-hand side is nothing but ■ For, set local coordinates xi , . . . ,Xjt of A and the 
ideal sheaves J^Xj -^f of X,F on A, and take fi,...,fc ^ i^A,c = k — d+\, such that 
/i |x defines G and /2, • • • ,/c generate J^y. Then for arbitrary ^2, • • • i^c £ and 
general t2, . ■ ■ ,tc ^ k, the subscheme defined by + tigj, 2 < / < c, is a general l.c.i. 
Y'. Thus with := /i and ti G ^, the r-th powers of determinants of c x c minors 
of the matrix {d{fi + tjgi) / dxj)ij\G are contained in Y,y J^Yq '^g^ whence so are 
those of {dgi/dxj)ij\Q. This means Y,y c^Ya = L;g /' /^G> and its right-hand 
side equals by the same trick. Hence we obtain 

Jg = /rfi-%^xGG. 

(3) + = /,G • %^ + Gx{-G). 
We set 

c :=mld/7nz(^',a^F)- 
As {X,F, a) is pit, we can fix f > 0,?' > such that 

mldz(X,F,oi+'/;'-'^i'^i') = 0. 

We will fix a log resolution ^)■. X ^ X of {X ,F, aJz /f /r,F%%,x)- Let F be 
the strict transform of F . By blowing up X further, we may assume the existence 
of a prime divisor Ep C (p^^{F r\Z) which intersects F properly and satisfies 

(4) UE, {X , F, a) = aE,\f {F, a^f ) = c. 

Take the decomposition 9*F = Vf +Hf, where Vf consists of prime divisors in 
9~^(Z) and Hp those not in ^^^(Z). By blowing up X further, we may assume 
that every divisor E with E C Supp Vf, E n SuppHp / satisfies 

(5) ord£VF>f"V. 
We take an integer l\ such that 

(6) /i>ord£VF, /i>ord£a 
for all divisors E onX with (f>{E) C Z. Note that 

(7) h>r^c + \ 
unless Fez. 

The next lemma is a direct application of Theorem 11.41 with Remark 11.4.11 by 

Lemma 2.1. For M-ideal sheaves g, b such that 0'x{—F) g, o ~/, b, we have 
mldziX,Qb^+'/y'&'x',y^) = 0. In particular if (F,a) (G,b) f/ien G is a 
transversal divisor on {X, b). 
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We can replace the condition F G with the stronger one F G defined by 
Lemma 2.2. IfF ~, G with I > h, then F G. 

Proof. G is reduced by Lemma IZT] By the definition of F ~/ G and Lemma- 
Definition ll.2[ there exist decompositions 1 = Y^jfjUj, G = Y^jfjHj with fj € M>o, 
rij G Z>o and effective Cartier divisors Hj such that 0'x{—njF) =,„. i?x{—flj) with 
rrij > l/fj. Note &x{-F) ^m,lnj ^x{-fiiY'"' and nij/nj > l/fjUj > I. Hence all 
coefficients in nJ^Hj are at most one by Lemma l2?n Thus each component G, of G 
has ordcj Hj < rij, so 1 = Y^jfjOvAc-Hj < J^jfj^j = 1 and ordc/Hj = nj, Hj = rijG. 
Now the lemma follows from 0'x{—njF) =,„. i?x{—njG) and mj/rij > 1. q.e.d. 

Now we may assume that Z is an irreducible proper subset of F, and is con- 
tained in G also. Indeed, since F ^\ G implies FnZ = GnZas sets, we may 
assume Z C F, G by replacing Z with F r\Z. If Z = F then G > F and F ^2 G 
means ^xi-nF) = ffx{-nF){ffxi-n{G-F)) + ^xi-nF)) for some n, so F = G, 
a&F = bi^G and the statement is trivial. 

We write {F,a) ss/ (G,b) for the condition F G, a ~/ b. G is transversal 
if {F,a) (G,b) by Lemma |2?T] We then consider a log resolution G' ^ G 
embedded into some log resolution (p: X' — X of (X,F + G, ob ^r,G) which 
factors through X. Set (p' : X' — )• X. Let / denote the set of all (p-exceptional prime 
divisors E on X' intersecting G' , and Iz the subset of / consisting of all E with 
<p(£') C Z. By blowing up X' further, we may assume that G' does not intersect the 
strict transform of the divisorial part of the zero locus of b, and that for all £ G / 

(8) (p'{E) = (p'{E\g'). 

Then mldy-i(2)(G'^) ^^G^) equals the minimum of a£:(X,G, b) = a^i^, (G^, bi^G") 
for all E £ Iz, or —00 if the minimum is negative. 

Lemma 2.3. If{F,a) ^i, (G,b), thenforE elz 

(i) rfordi; + ford£ +?ord£ b < asy {G" , b^cO- 

(ii) ord^F > t~^c and ord^ G > t^^c. 

Proof. ^ It follows from Lemma ITTl 

(Ell) If we write J^z^x = ^xi-^z), then by (O the divisor liVz-Vp is effective 
with support (p^^{Z). By F w/j G we have the decomposition (p*G = Vp +Hg in 
which Hg consists of divisors not in (p^^{Z), and moreover 

&^{-nVp){^x{-nHF) + &x{-n{hVz-VF)) 

= ff^{-nVF){ffx{-nHG) + ^x{-n{hVz-VF)) 

for some n. Hence on the reduced divisor (p^^ (Z), 

(9) nHFr\(p-\Z)=nHGr\(p-\Z) 

scheme-theoretically, and its support contains (p'{E) by ([8]). Thus there exists a 
prime divisor F on X with (p'{E) C E C p^\Z) and FnSupp//f / 0. F has 
ord^G = ord^F > t^^c by Q, so ord^F > ord^F > t^^c, ord^G > ord^G > 
t~^c. q.e.d. 

We obtain one inequality in Theorem 1 1.91 as in Remark [T33] 
Lemma 2.4. //(F,o) ss,^ (G,b), mldz(F,a^f ) > mldv-i(z)(G^,b^GO- 
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Proof. We have the divisor Ep C (p^^{Z) in : = F is contained in the 

support of the locus whence W C SuppZ/GH^f. This impUes W (Z Gr\Ep 
for the strict transform G of G by the s.n.c. property F + Ep + Supp(//G — G). 
Moreover by nW = nG\Ep as divisors on Ep at the generic point r]^^ of W . 
Hence W = Gr\Ep scheme-theoretically at 7]^, and its strict transform W' on G' 
is defined. With Q we obtain 

mld^-i(z)(G\b^GO <«w'(G\b^Gv) =ai?^(X,G,b) = a£^(X,F,a) =c. 

q.e.d. 

We shall prove the other inequality mld^,-i(2) (G^, bi^c") > c in Theorem 1 1.9l bv 
studying E £ Iz with ap\^, {G^ ,bi?G^) < c. We fix a prime divisor Ez on X such 
that (p{Ez) = Z, and apply Zariski's subspace theorem [1, (10.6)] as in the proof 
of [9, Lemma 3] to the natural map i?x.z Ez ^'^'^ specialisations, to fix an 

integer I2 > l\ such that 

(10) ^>,Gx{-hEz) ^ . 

Lemma 2.5. If [F, a) ss/, (G, b) and E e h satisfies apy (G^, b^c") < c, then 

(i) ord£ /; = ords /4 < {rty^c. 

(ii) ord£ J'r^p = ordij J'^^g < f^'c. 

(iii) ord£^^ < f^^c. 

(iv) ordf a = ordg b <t^^c. 

Proof. © We use explicit descriptions of in terms of Jacobian matrices. 

Embed X into a smooth ambient space A with local coordinates xi,...,xic and take 
f,gGGA such that fix ,g\x define F, G. By F G, /" ^x + ^z'' = g" + ^z' 
for some n. Note J^z' by ord£^/|x < /i from ©. If we choose u,v & 0'a 
so that /" - ug"\x,g" - vf"\x G J^z''' ^en (1 - uv)f"\x G J^z^ so mv should be a 
unit. We take an etale cover X — )• X by adding a function y with 3^" = m to produce 
the factorisation /" — ug" = H/ (/ ~ l^'yg) with a primitive n-th root /i of unity, 
and discuss on the germ U at some closed point of X. Set the prime divisor Ez := 
EzXxU on ^: X XxU ^U. Since Uiif - I^'y8)\u ^ 9*^xxxui-'^hEz), with 
([Tol l there exists / such that 

f-^'yg\u e (p^^xxxuH^Ez) = (pM-hEz) (^0x C ^z ^u- 

F XxU,G XxU are given by/ 1 j7, /I 'jg I jy. By the description of ^p^o^ ^g'^u 
terms of Jacobian matrices, we have 

for := Zj{d{f -^l'yg)/dxj ■ Gq) C J^i' "V^. By Lemma lIMll and ©, for 
E ■.= ExxU 

ord^ = ord£ < (rO^'c < Zi - 1, 

ord£ = ovdp 

which provide 

^ Lemma [23] implies ord^ < t^^c < ord^ F, ord^ G. Thus ^ follows 
from ©and® for F,G. 

(Iml) It follows from Lemma I231 II1). 

(Iivl) It follows from Lemma I23III1 ). ([7]) and Remark ri.3.21 q.e.d. 
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We shall apply motivic integration by Kontsevich in |[T5l and Denef and Loeser 
in iQ to transversal divisors. We fix notation following ifTOl Section 3]. For a 
scheme X of dimension d, we let 7„X denote its jet scheme of order n, JooX its arc 
space, and set : JooX — )• JnX, 7r^„ : J^X — )■ JnX. One has the motivic measure 
pix '■ SSx —5- ^ from the family of measurable subsets of JooX to an extension 
^ of the Grothendieck ring. 3Sx is an extension of the family of stable subsets. 
A subset S of JooX is said to be stable at level n if 71^ (S) is constructible, S = 
{n^)^\n^{S)), and 7l^_^_^ (S) — 71,^(5') is piecewise trivial with fibres A'^ for m>n. 
S has measure 



Atx(5) = [7r,f(5)]L-("+i)'' 

withL= [A^]. 

For a morphism (p : X — )• F, we write <p„ : 7,jX — )• 7„F, <poo : /ooX — )• JooY for the 
induced morphisms. For a closed subset Z, we let JnX\z,JooX\z denote the inverse 
images of Z by JnX, JooX — )• X. Finally for an M-ideal sheaf a, the order ordaY 
along a is defined for 7 G JooX. The notion of ord for an ideal sheaf makes 
sense even for G 7„X as long as ordy 7,, < 

Back to the theorem, we fix an expression 



= a, 



We fix an integer ci such that 

(11) ci>r'c, ci>(r,0"V 

for all /. Applying Greenberg's result ^ to F, one can find C2 > ci such that 

(12) <,^(7,,F) = <(7.F). 
We take an integer It, > I2 such that 

(13) h > C2. 

From now on we fix an arbitrary £" G /z for (G, b) {F, 0) such that 



(14) 



and will derive the opposite inequality a^i^, (G^, b^G") ^ c. To avoid confusion 
we set Y '■= "PIg' ■ G' ^ G. By blowing up X' further, we may assume that E'\g' 
is v^-exceptional for all E' £ I\{E} with E\g' nE'lc ^ ®. Take the subset T' of 
/ooG' which consists of all arcs 7 such that 



ord 



T' is stable at level one. Set T 
;r,f(r) = i/A„(r;)c7„Gas 



JooG' 



JooG 



1 if £■'=£■, 

if E' (^I\{E},E'\G'lr^E\a 

T') C JooG, r„' := Tif (r') C and 7], 




JnG' 



JnG. 
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One can regard JnF,JnG C JnX. Then F G implies Jc2F\z = ^qGIz by (fT3l) . 
Hence by ([I2l) 

r,. c 7r^:,,(/c2G|z) = 7i!:^cM,F\z) = <(/ooF|z). 

Thus if we set 

5:=«)-i(r,Jc/ooF 
and Sn := 7r,f (5) C 7„F, then = as 



(15) /ooF D 5 Sn — ^ 5,, = r,, . 



We translate Lemma 1231 into the language of arcs. 

Lemma 2.6. (i) On S, T, ord jf, = ord and takes constant ord^ = 
ords < ci. 

(ii) On S, T, ord = ord j' ^ and takes constant ord^ ^r,F = ord^ ^r,G < 

Cl. 

(iii) On S, T, ord^^ tofe^ constant ord^ i^i^ < ci. 

(iv) On T, ordo = ordb and takes constant ord^ o = ord^ b < c\. On S, ord^ 
takes constant ord^ a = ordg b. 

Proof. It is obvious by Lemma 1231 ([TTI) and the construction of 7'. Note ord^ a, < 
rr^ord£a<ci. q.e.d. 

Let be the image of the natural map (g) co^^} —?■ Gq'. By definition 

we obtain the equality 

= JrflGa ( - r £ (a^.,^, (G^) - \)E'\a)) . 
E'el 

Hence is resolved on G' , and on T' the order along takes constant 

e := ord£|^, = r^^ordf Jrfi + aE\^,{G'') - 1- 

We use the following form of f5^, Lemma 4. 1] to estimate /if {S). 

Proposition 2.7. Let X be a reduced scheme of pure dimension, and the locus 
ofJooX on which the orders along the Jacobian ideal sheaf and the l.c.i. defect 
ideal sheaf Si'^ are at most n. Then is stable at level n. 

Proof. For a l.c.i. scheme, the proposition follows from the proof of |5, Lemma 
4.1] directly. Note that the l.c.i. defect ideal sheaf of a l.c.i. scheme is trivial. 

For general X, we fix a jet 7,, G 7r,f (L^). By the definitions of one 
can embed X into a l.c.i. scheme 7 = X U as ([T|) so that on a neighbourhood 
Uy„ of Yn in JnY, ord < ord /^{jn) and ord<:^^^|, < ord^j^(7„) for the Jacobian 
J^Y and the conductor ^/y. Then {Tl^y^UyJ C and {Tl^y^UyJ C L^. By 
'tfx/Y^x/Y = for the ideal sheaf J^x/y of X on Y, we have7oo}'\ (ord<i^^^j,)^^(oo) c 

/ooA". Hence (7r,f )^H^rJ = (^J ) H^rJ» and the statement is reduced to that of 
the l.c.i. scheme Y. q.e.d. 

Lemma 2.8. /if (5) = ndT) = 
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Proof. We apply Proposition |2j]to 5 C Lf^ , T C by Lemma [I6II1I1, (Ell) and ©, 
to obtain their stabilities at level c\ and by Sc^ = T^ , in ([T5] ) 

MS) = ^g{T). 

By O Lemma 3.4] for T C if ' (G) with notation in Q, there exists n>c\,e,\ 
such that ord takes constant e on Yn^i^n), and that \l/n^{Tn) — )• T,, is piecewise 
trivial with fibres A''. If the equality = Yn^{Tn) holds, then 

Thus it suffices to prove {Tn) C r„'. 

Take a variety {]„ dense in r„ such that Yn^{Un) is irreducible. The closure C„ of 
y/^' {U„) in /„G' contains the closure J„G'\e\^^, of r„', which is a prime divisor. Thus 
C„ = J„G'\e\^, by the irreducibility of C„, so the image of the restricted morphism 
Xn '■ JnG'\E\^, JnG Contains r„. Its fibre x^^{t) att has dimension at least e 
and is contained in Yn^{t) — Hence Xn^{t) = ¥n^ (0 ^7^0 closed. This 
means WnHTn) C JnG'\Ey. 

Consider on i//,^' (r„) the constant function 

e = ord^^ = £ (ord£,|^, ^v') " ^"^^E'y ■ 
E'el 

Note that 

ord^i^, = e, ovAe%, A > for ^' ^ /\ {£}, £'|g' n^lc ^ 0, 
because such ^'Ig' is i/z^-exceptional and vanishes on the support of O-a/c- 
Moreover ord^i^, is positive on Yn\Tn) <Z JnG'\E\^,- Hence i//^'(r„) C r,[ by the 
definition of T' . q.e.d. 

Remark 2.8.1. We need only the inequality dim /if (5) > dim/iG'(^')^^ ' for the 
proof of Theorem |1.9l 

We shall complete the proof by using the below description of c = mldz(i^, a^p) 
in terms of motivic integration by |7|; see also ifTOl Remark 3.3]. 

(16) c = -dim/ ll"°'^^''-^°'^"dpiF. 

Jj^F\z 

Lemma 2.9. //(f,o) ^i, (G,b), f/jf^n mldz(F,a^f ) < mldv-i(z)(G^,b^Gv). 

Proof. We have fixed an arbitrary E € Iz which satisfies ([T4l ). By Lemma IZ6II11I ). 
(Iivl ). ord ^^,ordn take constants ord^ ^,-G,ord£- b on S. Thus with Lemma l2?8l 

and 

dim / L "djJ.F > dim / L ^-^^ V/lf 

= - 1 + r"^ ords ^r,G + ord^ b - e 
= -fl£|^,(G^)+ord£b 
= -aEUG\bffG^). 
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Hence a^i^, (G^, bi^G^) > c by (fT6l ). which proves the lemma. q.e.d. 

Theorem ll.9l is therefore proved. 
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